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a b s t r a c t
Let R be a commutative ring with identity. We show that the Krull dimension of the power
series ring R[[X]] can be uncountably infinite, i.e., there exists an uncountably infinite chain
of prime ideals inR[[X]], even if dim R is finite. In fact,we show that dim R[[X]] is uncountably
infinite if R is a non-SFT ring, which is an improvement of Arnold’s result.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, a ring means a commutative ring with identity. For a ring R, we denote by dim R the Krull dimension of R.
Seidenberg showed in [12] that if R is a ring with dim R = n, then n+1 ≤ dim R[X] ≤ 2n+1,where R[X] is the polynomial
ring over R. For the power series ring R[[X]], it is easy to show that n + 1 ≤ dim R[[X]]. However, it is not always true that
dim R[[X]] ≤ 2n + 1 even if dim R[[X]] < ∞. In general, it may happen that dim R[[X]] = ∞ even if dim R is finite. In [1],
Arnold showed that dim R[[X]] = ∞ when the ring R is not an SFT ring (the term SFT stands for ‘‘strong finite type"). He
defined a ring R to be an SFT ring if for each ideal I of R, there exist a finitely generated ideal J of Rwith J ⊆ I and a positive
integer k such that ak ∈ J for each a ∈ I . In fact, he constructed a countably infinite ascending chain of prime ideals in R[[X]]
for when R is a ring which is not an SFT ring. In [9], Kang and Park showed that if dim R = n and dim R[[X]] < ∞, then
dim R[[X]] can still be greater than 2n+ 1. Hence, dim R[[X]] is generally ‘‘very large" even when it is finite, except of course
in the Noetherian case.
By the result of Arnold [1], when studying the finiteness of dim R[[X]], we must restrict ourselves to the case R is an SFT
ring. For example, if R is a Noetherian ring (and hence an SFT ring) with dim R = n, then dim R[[X]] = n+ 1 [3]. Also if R is
an SFT ring with dim R = 0, then dim R[[X]] = 1 [4]. Arnold showed a very nice result that if D is a Prüfer SFT domain with
dimD = n, then dimD[[X]] = n+ 1 [2]. However, R being an SFT ring does not imply the finiteness of dim R[[X]]. Coykendall
gave an example of an SFT domain V1 with dim V1 = 1 such that dim V1[[X]] = ∞ [5].
We will mainly deal with rings R which are not SFT rings. Hence, for convenience, we call a ring R a non-SFT ring if
R is not an SFT ring. Typical examples of non-SFT rings are finite-dimensional nondiscrete valuation domains and non-
Noetherian almost Dedekind domains. Other examples of non-SFT rings include domains with a nonzero idempotent prime
ideal, domains with no ascending chain condition on prime ideals, and domains without a Noetherian prime spectrum. For
a one-dimensional nondiscrete valuation domain V , Kang and Park proved in [8] that dim V [[X]]V∗ = ∞, where V ∗ denotes
V \ {0}, and hence dim V [[X]] = ∞. In fact, they constructed a countably infinite descending chain of prime ideals in V [[X]]
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which do not contain any nonzero elements of V . Later, they improved their result by showing that there is a chain of prime
ideals in V [[X]] indexed over R (and hence uncountable) if V is a one-dimensional nondiscrete valuation domain [10]. For a
non-Noetherian almost Dedekind domain D, Loper and Lucas also constructed an uncountably infinite chain of prime ideals
in D[[X]] [11]. We conjecture that dim R[[X]] is also ‘‘very large" if R is a non-SFT ring, i.e., there exist chains of prime ideals in
R[[X]]with large cardinality (for example,ℵ1,ℵ2, . . .). As a first step, we show that dim R[[X]] is uncountable, i.e., there exists
an uncountably infinite chain of prime ideals in R[[X]], when R is a non-SFT ring. As a consequence, this result also gives an
affirmative answer to the question about the uncountability of dim R[[X]] given by Coykendall [6] or Eakin and Sathaye [7].
In [1], to construct an infinite ascending chain of prime ideals in R[[X]], Arnold first startedwith a chain ofmultiplicatively
closed subsets S1 ⊃ S2 ⊃ · · · ⊃ Sn ⊃ · · · in R[[X]]. Then, using induction, he constructed a chain of prime ideals
P1 ⊂ P2 ⊂ · · · ⊂ Pn ⊂ · · · in R[[X]] such that Pn∩ Sn = ∅ for each n. In this construction, the chain of multiplicatively closed
subsets is indexed over N (and hence is countable). Motivated by this idea, we first construct a chain of multiplicatively
closed subsets {Ts}s∈A in R[[X]]. Then we show that there exist an uncountable subset {Ts}s∈B of {Ts}s∈A and an uncountable
chain of prime ideals {Ps}s∈B in R[[X]] such that Ps ∩ Ts = ∅ for each s ∈ B.
In Section 2, we construct a fathomless setA. Using this setA, in Section 3, we construct the set {Ts}s∈A and then show
the existence of an uncountably infinite chain of prime ideals in R[[X]]when R is a non-SFT ring.
2. Construction of a fathomless set
Let N = {1, 2, . . .} be the set of positive integers, and let U be the set of all subsets U of N such that U = {n, n +
1, . . .} for some n ∈ N. For two strictly increasing sequences s = {sn} and t = {tn} of positive integers, we set s ≫ t (we
also write t ≪ s) if for each positive integer k, there is a set U ∈ U (depending on k) such that sn > ktn for each n ∈ U , i.e.,
sn > ktn for all large n. Let S be the collection of allA such thatA has the following properties:
• A is a nonempty collection of strictly increasing sequences s = {sn} of positive integers.
• If s ∈ A, then s ≫ b, where b is the sequence defined by bn := n for all n.
• If s, t ∈ A and s ≠ t , then s ≫ t or t ≫ s.
If u is the sequence defined by un := b2n for each n, then it is easy to see that u is a strictly increasing sequence of positive
integers and that u ≫ b. It follows that the set S is nonempty.We order S by set-theoretic inclusion. By Zorn’s Lemma, there
exists a maximal element in S.
Remark 1. (1) LetA ∈ S. If s ∈ A, then sn ≥ n for each n ∈ N since s is strictly increasing.
(2) If s, t, v are strictly increasing sequences of positive integers such that s ≪ t and t ≪ v, then s ≪ v.
LetA be a maximal element in S. This choice ofAwill be fixed throughout the rest of the article.
Definition 2. A totally ordered set (Y,≪) is called a fathomless set if for every countable nonempty subset C of Y, there
exists an element y ∈ Y such that y ≪ c for all c ∈ C.
In the remainder of this section, we prove thatA is a fathomless set.
Lemma 3. If v ∈ A, then there exists u ∈ A such that u ≪ v.
Proof. Suppose on the contrary that there is no sequence u ∈ A such that u ≪ v. Since v ≫ b, there exists a set U1 ∈ U
such that vn > bn for each n ∈ U1. Similarly, there exists a set U2 ∈ U such that vn > 22bn for each n ∈ U2. We may assume
that U1 ⊃ U2. By induction, we get a sequence of sets inU
U1 ⊃ U2 ⊃ U3 ⊃ · · ·
such that vn > j2bn for each n ∈ Uj. We define a sequence u by
un :=

n if n ∉ U1
jbn if n ∈ Uj \ Uj+1.
It is easy to see that u is a strictly increasing sequence. For each k ≥ 1 and n ∈ Uk+1, we have n ∈ Ul \ Ul+1 for some
l ≥ k + 1. Thus, un = lbn > kbn and vn > l2bn > klbn = kun. Therefore, b ≪ u ≪ v. If a ∈ A, then a ≪ v does not hold
by our assumption. Thus, v ≪ a and hence u ≪ a. So the set A ∪ {u} is totally ordered and hence belongs to S. Note that
A ∪ {u} properly containsA, which contradicts the maximality ofA. 
In the following lemma, for a sequence {vj} of elements in A, vjn always means the nth term of the sequence vj for all j
and n.
Lemma 4. If {vj} is a sequence of elements inA such that vj+1 ≪ vj for all j, then there exists an element u ∈ A such that u ≪ vj
for each j.
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Proof. Suppose on the contrary that there is no sequence u ∈ A such that u ≪ vj for each j. Since vj+1 ≪ vj and b ≪ vj for
all j, by the same argument as in the proof of Lemma 3, there is a sequence of sets inU
U1 ⊃ U2 ⊃ U3 ⊃ · · ·
such that v(j+1)n < vjn and j2bn < vjn for each n ∈ Uj. Define a sequence u by
un :=

n if n ∉ U1
jbn if n ∈ Uj \ Uj+1.
It is easy to see that u is strictly increasing and b ≪ u. For fixed j, we show that u ≪ vj. Let k ≥ j. Suppose that n ∈ Uk+1.
Then n ∈ Ul \ Ul+1 for some l ≥ k + 1. We have kun = klbn < l2bn < vln < vjn. Thus, u ≪ vj. If a ∈ A, then vj ≪ a for
some j by our assumption and hence u ≪ a. The set A ∪ {u} belongs to S and properly contains A, which contradicts the
maximality ofA. 
Theorem 5. The set (A,≪) is a fathomless set.
Proof. Let C be a countable nonempty subset ofA. If C has a minimum v, then by Lemma 3, there is an element u ∈ A such
that u ≪ v. Hence, u ≪ c for all c ∈ C. Suppose that C has no minimum. Since C is countable, we can find a sequence {vj}
in C such that vj+1 ≪ vj for all j and such that, for each v ∈ C , vj ≪ v for some j. By Lemma 4, there is an element u ∈ A
such that u ≪ vj for all j. It follows that u ≪ c for all c ∈ C. 
3. Chains of prime ideals in R[[X]]
A ring R is called an SFT ring if for each ideal I of R, there exist a finitely generated ideal J ⊆ I and a positive integer k such
that ak ∈ J for each a ∈ I . Also, a ring R is called a non-SFT ring if it is not an SFT ring. Let R be a non-SFT ring. Then there
exists an ideal I of R such that for each finitely generated ideal J ⊆ I and each positive integer k, there exists an element a ∈ I
such that ak ∉ J . Let a0 be an element of I . Then there exists an element a1 ∈ I such that a1 ∉ (a0). Similarly, there exists
an element a2 ∈ I such that a22 ∉ (a0, a1). Using induction, there exist elements an ∈ I such that ann ∉ (a0, a1, . . . , an−1)
for each n ≥ 1. For each nonnegative integer n, we let In := (a0, a1, . . . , an). Hence, amm ∉ Im−1 for each m ≥ 1. For each
s = {sn} ∈ A, define a power series a(s) in R[[X]] by
a(s) = a0 + a1xs1 + · · · + anxsn + · · · .
Definition 6. For s ∈ A, we say that a power series g = ∞j=0 gjX j has the property (s) if there exist a sequence {qm} of
positive integers, a positive integer µ, and a set U ∈ U such that the following hold for eachm ∈ U .
(1) qm ≤ µsm.
(2) gqm ≡ akm(mod Im−1) for some 1 ≤ k ≤ µ.
(3) gj ∈ Im−1 for all j < qm.
For s ∈ A, let Ts denote the set of power series in R[[X]] having the property (s). It is easy to see that a(s) ∈ Ts (with
{qm} = s, µ = 1 and U = N). Hence, Ts is nonempty.
Lemma 7. If s, v ∈ A such that s ≪ v, then Ts ⊂ Tv .
Proof. If g ∈ Ts, then there exist a sequence {qm} of positive integers, a positive integer µ, and a set U ∈ U such that the
following hold for eachm ∈ U .
(1) qm ≤ µsm.
(2) gqm ≡ akm(mod Im−1) for some 1 ≤ k ≤ µ.
(3) gj ∈ Im−1 for all j < qm.
Since s ≪ v, there is a set V ∈ U such that sm < vm for allm ∈ V . Form ∈ U ∩ V , we have
(1) qm ≤ µsm < µvm,
(2) gqm ≡ akm(mod Im−1) for some 1 ≤ k ≤ µ, and
(3) gj ∈ Im−1 for all j < qm.
Thus, g ∈ Tv and hence Ts ⊆ Tv . Since a(v) ∈ Tv , we will finish our proof if we can show that a(v) does not have the property
(s). Suppose on the contrary that a(v) has the property (s). Let g := a(v). Then there exist a sequence {qm} of positive integers,
a positive integer µ, and a set U ∈ U such that for allm ∈ U the following hold.
(1) qm ≤ µsm.
(2) gqm ≡ akm(mod Im−1) for some 1 ≤ k ≤ µ.
(3) gj ∈ Im−1 for all j < qm.
Since s ≪ v, there is a set W ∈ U such that µsm < vm for all m ∈ W . Since U ∩ W ∈ U, we may assume that U = W .
Choose m ∈ U such that m ≥ µ. We have qm ≤ µsm < vm. Thus, gqm ∈ Im−1. However, the condition (2) tells us that
gqm ≡ akm(mod Im−1) for some 1 ≤ k ≤ µ. Thus, akm ∈ Im−1 and hence amm ∈ Im−1, a contradiction. 
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Lemma 8. For each s ∈ A, the set Ts is multiplicatively closed.
Proof. Let s ∈ A and let g, h be power series in Ts. Then there are sequences {qm} and {pk}, positive integers µ, τ , and sets
U, V ∈ U such that the following hold for eachm ∈ U and each k ∈ V .
(1) qm ≤ µsm, and pk ≤ τ sk.
(2) gqm ≡ aim(mod Im−1) for some 1 ≤ i ≤ µ, and hpk ≡ ank(mod Ik−1) for some 1 ≤ n ≤ τ .
(3) gj ∈ Im−1 for all j < qm, and hr ∈ Ik−1 for all r < pk.
Since U ∩V ∈ U, we may assume that U = V and therefore we can setm = k in all three conditions above. We are ready to
consider the product gh. First, note that the coefficient of Xqm+pm in gh is congruent to ai+nm (mod Im−1)with i+ n ≤ µ+ τ .
Moreover, for fixed j < qm + pm, each product in the sum that produces the coefficient of X j in gh includes at least one
member from Im−1. Hence, conditions (2) and (3) are satisfied. For (1), we have qm + pm ≤ (µ + τ)sm. So the appropriate
sequence is {qm + pm}, the corresponding positive integer is µ+ τ , and U = V is the set inU. The conclusion is that gh has
the property (s). 
For a multiplicatively closed set T in R[[X]], let Q (T ) be the set of prime ideals P in R[[X]] that are maximal with respect
to missing T (i.e., P ∩ T = ∅). In particular, for s ∈ A, Q (Ts) is the set of prime ideals in R[[X]] that are maximal with respect
to missing Ts.
Lemma 9. If s ∈ A, then the set Q (Ts) is nonempty.
Proof. By Lemma 8, it suffices to show that 0 ∉ Ts. Suppose on the contrary that 0 ∈ Ts. Let g := 0. Then there exist a
sequence {qm} of positive integers, a positive integer µ, and a set U ∈ U such that for allm ∈ U the following hold.
(1) qm ≤ µsm.
(2) gqm ≡ akm(mod Im−1) for some 1 ≤ k ≤ µ.
(3) gj ∈ Im−1 for all j < qm.
The condition (2) implies that, for each m ∈ U , akm ∈ Im−1 for some 1 ≤ k ≤ µ. Choose m ∈ U such that m ≥ µ. Then
akm ∈ Im−1 for some 1 ≤ k ≤ µ and hence amm ∈ Im−1, a contradiction. 
In fact, we can prove the following stronger result. Let I ′ := ∪∞n=0In = (a0, a1, . . .).
Proposition 10. If s ∈ A, then I ′R[[X]] ∩ Ts = ∅.
Proof. Let s ∈ A. Suppose on the contrary that there exists a power series g ∈ I ′R[[X]]∩ Ts. Then there exist a sequence {qm}
of positive integers, a positive integer µ, and a set U ∈ U such that for allm ∈ U the following hold.
(1) qm ≤ µsm.
(2) gqm ≡ akm(mod Im−1) for some 1 ≤ k ≤ µ.
(3) gj ∈ Im−1 for all j < qm.
Since g ∈ I ′R[[X]], g must belong to InR[[X]] for some n ≥ 0. Thus, gj ∈ In for each j ≥ 0. Choose m ∈ U such that
m ≥ max{n+ 1, µ}. Then gqm ∈ In ⊆ Im−1. Hence, by the condition (2), akm ∈ Im−1 for some 1 ≤ k ≤ µ. Since k ≤ µ ≤ m,
we must have amm ∈ Im−1, a contradiction. 
Lemma 11. If v, s ∈ A such that v ≪ s, then each prime ideal in Q (Ts) is properly contained in some prime ideal in Q (Tv).
Proof. Let P be a prime ideal in Q (Ts). We need to find an ideal N ∈ Q (Tv) such that P ⊂ N . Since a(s) ∈ Ts and P ∩ Ts = ∅,
P is properly contained in P + (a(s)). If we can show that [P + (a(s))] ∩ Tv = ∅, then we can extend P + (a(s)) to an ideal N ,
which is maximal with respect to missing Tv . This prime ideal N is the one that we are looking for. Therefore, it remains to
show that [P + (a(s))] ∩ Tv = ∅. Suppose on the contrary that there is an element g ∈ Tv such that g = p+ ha(s) for some
p ∈ P and h ∈ R[[X]]. Since g ∈ Tv and v ≪ s, there exist a sequence {qm}, a positive integer µ, and a set U ∈ U such that
for allm ∈ U , the following hold.
(1) qm ≤ µvm and µvm < sm.
(2) gqm ≡ akm(mod Im−1) for some 1 ≤ k ≤ µ.
(3) gj ∈ Im−1 for all j < qm.
For each m ∈ U , if j ≤ qm, then j < sm by the condition (1) and hence the coefficient of X j in a(s) belongs to Im−1. It follows
that for all j ≤ qm, the coefficient of X j in ha(s) belongs to Im−1. Thus, the coefficients in p = g − ha(s) satisfy
(1) qm ≤ µvm,
(2) pqm ≡ akm(mod Im−1) for some 1 ≤ k ≤ µ, and
(3) pj ∈ Im−1 for all j < qm.
Therefore, p = g − ha(s) ∈ Tv ⊂ Ts, a contradiction. 
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Remark 12. Given a strictly descending chain of elements inA,
s1 ≫ s2 ≫ · · · ≫ sn ≫ · · ·
(such a chain always exists by Lemma 3), we can construct (using Lemma 11 and induction) an ascending chain of prime
ideals in R[[X]], namely,
P1 ⊂ P2 ⊂ · · · ⊂ Pn ⊂ · · · ,
such that Pi ∈ Q (Tsi) for each i.
Let P be the set of elements E = {(Pi, si)}i∈I (for some nonempty set I) satisfying the following.
(i) si ∈ A and Pi ∈ Q (Tsi) for each i ∈ I .
(ii) {Pi} is a strict chain of prime ideals, i.e., {Pi} is a chain of prime ideals and Pi = Pj if and only if i = j.
The element {(Pi, si)}∞i=1 in Remark 12 belongs toP . Thus, the setP is nonempty. We orderP by set-theoretic inclusion. By
Zorn’s Lemma, there exists a maximal element in P . We can now prove the main result.
Theorem 13. If R is a non-SFT ring, then there exists an uncountably infinite chain of prime ideals in R[[X]].
Proof. Let E = {(Pi, si)}i∈I be amaximal element inP .We show that the chain of prime ideals {Pi}i∈I is uncountable. Suppose
on the contrary that {Pi}i∈I is countable. Hence, the set {si}i∈I is countable. Since the set (A,≪) is a fathomless set, there is
a sequence v ∈ A such that si ≫ v for each i. Thus, Tsi ⊃ Tv for each i. We consider two cases:
Case 1. The chain {Pi}i∈I has a maximum Pi.
Since Pi ∈ Q (Tsi) and si ≫ v, by Lemma 11, there exists a prime ideal N ′ ∈ Q (Tv) such that N ′ properly contains Pi. The
set {(Pi, si)}i∈I ∪ {(N ′, v)} properly contains the set {(Pi, si)}i∈I in P , which contradicts the maximality of {(Pi, si)}i∈I .
Case 2. The chain {Pi}i∈I has no maximum.
Let N = ∪i∈IPi. Clearly, N ∩ Tv = ∅. Otherwise, Pi ∩ Tv ≠ ∅ for some i and hence Pi ∩ Tsi ≠ ∅ since Tv ⊂ Tsi . Thus there
exists a prime ideal N ′ ∈ Q (Tv) which contains N . Since the chain {Pi}i∈I has no maximum, Pi ⊂ N ′ for all i ∈ I . The set
{(Pi, si)}i∈I ∪ {(N ′, v)} properly contains the set {(Pi, si)}i∈I in P , which contradicts the maximality of {(Pi, si)}i∈I . 
Corollary 14. If P ∈ Q (Ts) for some s ∈ A, then corank(P) is uncountable, i.e., there exists an uncountably infinite chain of
prime ideals in R[[X]], each of which contains P.
Proof. Let P ′ be the subset of P containing sets E = {(Pi, si)}i∈I such that P ⊆ Pi for all i ∈ I . As above, we can easily show
that P ′ contains a maximal element E = {(Pi, si)}i∈I and that I is an uncountable set. 
Corollary 15. Let R be either a zero-dimensional ring or a one-dimensional domain. If R is a non-SFT ring, then there exists an
uncountably infinite chain of prime ideals in R[[X]] lying between MR[[X]] and M[[X]] for some maximal ideal M of R.
Proof. By Proposition 10, we can choose P ∈ Q (Ts) such that P contains I ′R[[X]]. Thus, P ∩ R ≠ (0) and henceM := P ∩ R is
a maximal ideal of R. Therefore, by Corollary 14, we have an uncountably infinite chain {Pi}i∈I of prime ideals in R[[X]] such
that each Pi contains P . Thus, each Pi contains MR[[X]]. We will finish our proof if we can show that each prime ideal Pi is
properly contained in M[[X]]. By [3, Theorem 5], Pi ⊆ M[[X]] or Pi = M + (X) for each i ∈ I . Since {Pi}i∈I has no maximum
by Theorem 5 and Lemma 11, we must have Pi ⊂ M[[X]] for each i ∈ I . 
Corollary 16. If R is a one-dimensional quasi-local non-SFT domain (in particular, if R is a one-dimensional nondiscrete valuation
domain) with maximal ideal M, then there exists an uncountably infinite chain of prime ideals in R[[X]] lying betweenMR[[X]] and
M[[X]].
Proof. It follows from Corollary 15. 
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